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ì Ø·Ò�ÅQÏ ß È�ÅQÒ5ËÌÕ
Æ5ÅQËÛÃeÏ~í|Ø ÞxÞ ØÊÂlÃWËÌØÊÏ²Æ5Ø Þ Ð Þ ÃWÄWÇÉÈÊÃWÇ5ÄOØ
ØÊÃãÆ5Ø Þ ÅQÂ+È�ÅQÂ=ÃOØÊÂlÇ@ÐkÇÈ�ÅQÇ5Ä Þ Æ5Ø·î
ç ì ÅQÄWËïê�È�ÅQÖåÒ5ËÛÏÑÐkÃWËÌÅQÂÓë½áÉÆ5ÅQÂ5ÂÉÕ
ØÊÂñðaò½ó½óåÍåô¹ÅQÄOÆ5ØaÐkÇBàÚÁUç

− õ~ö[÷ùø�úUûküÌýiþOÿ��lü þWú������	�	�[ü
�Oÿ�������Dü����	�	�������	�����������½÷��	�½÷��	�����aû���ý��! 	��" −

#%$%&('*),+
-/.10,0,2

3�46587:9<;=587?>@5BA

ð



�ãÂ5ËÛâ[ØÊÄ Þ ËÛÃOÕ���ÐkÄWË Þ���� è�Á��	�	
 � �	������ �����	���������	���! �"$#�%&��"$��"$'�(*),+��-�/.0�2143%� ��-5	)

687:9<;>=@?&A&B�9�C*=D7

î ÐkÒ5ÒMØÊÏ�E[Ðaâ[Ø�ÈyÇ5ÂÉØyÜ½ÄxÐkÖåÖ?ÐkËÛÄOØGF�È�ÅQÂ=ÃWÄxÐkËÛÄOØÊÖäØÊÂlÃyÍªÆ5Ø Þ�ÞWßBÞ ÃIHÊÖäØ Þ È�ÅQÖåÖäØ ÐkÇ5ÃOÅQÖ?ÐkÃOØ Þ ÅQÇKJMLON�á[ÅQÂ
Þ ÐkËÛÃ�ÂÉÅQÂ Þ ØÊÇ5ÏÌØÊÖäØÊÂ=Ã;ÄOØ�È�ÅQÂ5ÂºÐ�PÌÃWÄOØïÆ5Ø Þ ÖäÅQÃ Þ Æ¼í Ç5ÂcÏÑÐkÂ5ÜlÐkÜ[Ø½áaÖ?ÐkË Þ ÅQÂ Þ ÐkËÛÃ�ÐkÇ ÞOÞ Ë[ÏÌØ Þ êyÆ5Õ�È�ÅQÖåÒ�Å Þ ØÊÄ�ë[ç
J¾ÐkË Þ Í ×=ÇÉÅQËMÒ�ØÊÇ5Ã¹Æ5ÅQÂÉÈ:QÊÃWÄOØ Ç5ÃWËÛÏÌØãÇ5ÂÉØãÃOØÊÏÛÏÌØ Æ5Õ�È�ÅQÖåÒ�Å Þ ËÛÃWËÌÅQÂ:R:S Í Æ5ÅQÂ5ÂÉØÊÄïÆBÇ Þ ØÊÂ Þ ÐkÇÓê·ÖäÅQÃeëÐkËÛÂ Þ Ë3Æ5Õ�È�ÅQÖåÒMÅ Þ Õ½çUTãÂ Þ Ç5Ò5Ò�Å Þ Ø½á�ØÊÂñÆ¼íqÐkÇ5ÃWÄOØ Þ ÃOØÊÄWÖäØ Þ á;×lÇÉØ�ÏÑÐ ÞWß Â=ÃxÐHàBØäÒMØÊÇ5Ã·ÂÉÅQÇ Þ Ü½Ç5ËÌÆ5ØÊÄ
Ò�ÅQÇ5ÄÏ~í ËÛÂ=ÃOØÊÄWÒ5ÄOÕÊÃxÐkÃWËÌÅQÂ+Æ5Ø Þ ÖäÅQÃ Þ Æ¼í Ç5ÂÝÏÑÐkÂ5ÜlÐkÜ[ØKFFÒºÐkÄyØ�à5ØÊÖåÒ5ÏÌØãÏÌØãÏÑÐkÂ5ÜlÐkÜ[ØæÆ5Ø ÏÑÐ·ÏÌÅQÜ½ËÌ×=ÇÉØæÆ5Ø Þ Ò5ÄOÕ�ÆBËÌÈaÐkÃ Þ áÅQÇéÏÌØªÏÑÐkÂ5ÜlÐkÜ[ØV�²Ð Þ ÈaÐkÏWN�ç
J¾ÐkË Þ ÆBÇ�Ò�ÅQËÛÂlÃäÆ5Ø â�ÇÉØ\×lÇ5Ë¹ÂÉÅQÇ Þ Å�È�ÈÊÇ5ÒMØÝËÌÈÊË~á(Æ5ÅQÂ5ÂÉØÊÄäÆBÇ Þ ØÊÂ Þ ÄOØÊâ=ËÌØÊÂ=Ã?Í AaGk259UX;CFGk7 ÏÌØ Þ ÖäÅQÃ ÞÆ5Õ�È�ÅQÖåÒ�Å Þ Õ Þ ÆÉÐkÂ Þ Ç5Â�ÐkÇ5ÃWÄOØ?ÏÑÐkÂ5ÜlÐkÜ[Ø½ç�Y�í|ÅZ@ÏÌØ?ÃWËÛÃWÄOØäÆBÇ�È*[ºÐkÒ5ËÛÃWÄOØ¾ê ÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ ÆBËÛÄWËÛÜ[Õ�ØäÒºÐkÄ ÏÑÐ
ÞWß ÂlÃxÐHà5Ø
ë½ç

\2]_^ ` ;>aObcbdaOC!;>e/fg?GaD7&f
X

∗ × Y
∗

hUikjli4j monqp,rtsvu�sxw�r

y ÅQËÌØÊÂ=Ã
X
ØÊÃ

Y
Æ5ØÊÇBà ÐkÏÛÒq[ºÐkÔ�ØÊÃ Þ FFÒºÐ Þ ÂÉÕ�È�Ø ÞOÞ ÐkËÛÄOØÊÖäØÊÂlÃÚÆBË Þvz ÅQËÛÂ=Ã Þ N�ç|{eÏÌÅQÄ Þ ÅQÂ ÒMØÊÇ5Ã ÒºÐkÄWÏÌØÊÄéÆ5Ø

X∗ × Y ∗
E
{(f, g)/f ∈ X∗, g ∈ Y ∗}

ç
TãÂ¾Ò�ØÊÇ5Ã Æ5Õ~}ÉÂ5ËÛÄæÇ5ÂÉØcÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ Þ Ç5Ä X∗ × Y ∗

E ÏÌØ Þ ÄIHÊÜ½ÏÌØ Þ ÅQÂlÃæÏÑÐ�� ÅQÄWÖäØ&[ºÐkÔ5ËÛÃWÇÉØÊÏÛÏÌØ½á�Ö?ÐkË Þ ÏÌØ ÞÃOØÊÄWÖåËÛÂºÐkÇBà Þ ÅQÂ=Ã Æ5Ø Þ È�ÅQÇ5Ò5ÏÌØ Þ ç��ÉÅQÄWÖäØäÜ[ÕÊÂÉÕÊÄxÐkÏÌØÝÆ¼í Ç5ÂÉØåÄIHÊÜ½ÏÌØ�E A −→ u1A1u2A2 . . . upApup+1

á
Ðaâ[Ø�È

A
á
Ai ∈ V

á=ØÊÃ
ui ∈ X∗ × Y ∗

áBÈ½í|Ø Þ Ã���Í��vÆBËÛÄOØæ×=ÇÉØãÏÌØ Þ ui
Þ ÅQÂ=Ã¹Æ5ØãÏÑÐV��ÅQÄWÖäØ ui = (fi, gi)

á5Ð�â[Ø�È
fi ∈ X∗

ØÊÃ
gi ∈ Y ∗

ç

�:� 7=>��²6F7
S −→ (a, ε)S(ε, a)
S −→ (b, ε)S(ε, b)
S −→ (a, a) | (b, b) | (ε, ε)

è�Ø·ÖäÅQÃ
(abaa, aaba)

Ø Þ ÃzØÊÂ5Ü[ØÊÂÉÆBÄOÕ�E
S → (a, ε)S(ε, a) → (a, ε)(b, ε)S(ε, b)(ε, a) → (a, ε)(b, ε)(a, ε)S(ε, a)(ε, b)(ε, a)
→(a, ε)(b, ε)(a, ε)(a, ε)S(ε, a)(ε, a)(ε, b)(ε, a) →(a, ε)(b, ε)(a, ε)(a, ε)(ε, ε)(ε, a)(ε, a)(ε, b)(ε, a)

Á�Ï/�~ÐkÇ5Ã
Æ5Õ~}ÉÂ5ËÛÄ
Ç5ÂÉØ?ÂÉÅQÇ5â[ØÊÏÛÏÌØ?â[ØÊÄ Þ ËÌÅQÂ�Æ5ØåÏÑÐÚÈ�ÅQÂÉÈaÐkÃOÕÊÂºÐkÃWËÌÅQÂ�E
(u, v)(u′, v′) = (uu′, vv′)

ç ì ØÊÃWÃOØ
ÂÉÅQÇ5â[ØÊÏÛÏÌØ·ÅQÒ�ÕÊÄxÐkÃWËÌÅQÂÙÐcÏÌØ·ÔMÅQÂéÜ[Å�5ÃeÆ¼í�QÊÃWÄOØ Ð ÞOÞ Å�ÈÊËÑÐkÃWËÛâ[Ø½ç
{ãÏÌÅQÄ Þ ÅQÂ+Ð�Ô5ËÌØÊÂ (a, ε)(b, ε)(a, ε)(a, ε)(ε, ε)(ε, a)(ε, a)(ε, b)(ε, a) = (abaa, aaba)
ì ØÊÃWÃOØªÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ ØÊÂ5Ü[ØÊÂÉÆBÄOØ

(f, f̃)
ç

�����I�,���_��� <�AaE=>ñ7+9²7ÚAaGk259�X��½ADC���� �
TãÂ+ÐkÒ5Ò�ØÊÏÛÏÌØ Þ ÅQÇ5â[ØÊÂ=ÃeÆ5ØæÃOØÊÏÛÏÌØ Þ Ü½ÄxÐkÖåÖ?ÐkËÛÄOØ ÞeÞ Ç5Ä X∗ × Y ∗

Æ5Ø Þ¢¡�£q¡-¤�¥I¦¨§*¡@©q§V¤«ª_¬�©<�®¯¤«°«±-² ç
TãÂ+ÆBËÛÃeÐkÏÌÅQÄ Þ ×lÇÉØ g

Ø Þ ÃyÏÑÐ ¤«ª_¬�©<�®¯¤«°«±-² Æ5Ø f Þ Ë S ∗

→ (f, g)
ç

³
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X = {+,×, a, (, )} � Y = {+,×, a}

E → E〈+, ε〉T 〈ε,+〉
E → T
T → T 〈×, ε〉F 〈ε,×〉
T → F
F → 〈a, a〉
F → 〈(, ε〉E〈), ε〉

�����	��
������������������������������� ���"!#�$�����%�&������ !'�(����)
Ø�à�ç

〈a + (a × a), a a a × +〉

E

��������

�
�
�

@
@

@

PPPPPPPP

E

T

F

〈a, a〉

〈+, ε〉 T

F

��� HHH
〈(, ε〉 E

T

�����
�� @@ PPPPP

T

F

〈a, a〉

〈×, ε〉 T

F

〈a, a〉

〈ε, ×〉

〈), ε〉

〈ε, +〉

hUi4jliWh * u�s,+ks,-(.>u�sxw�r0/213-4-	52-�u�637813-9/:1 u�;�.</>=:?�u�sxw�r

�(ÄxÐkÃWËÌ×lÇÉØÊÖäØÊÂ=ÃaáMËÛÏ�Â�í ß Ð�ÒºÐ Þ Æ¼í ËÛÂ=ÃOÕÊÄIQÊÃæÍ�Ç5ÃWËÛÏÛË Þ ØÊÄãÆ5ØªÃOØÊÏ ÞãÞWß�Þ ÃIHÊÖäØ Þ Æ5ØªÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂÙÒMÅQÇ5ÄA@CB"D'B"E�F"EÆ5Ø Þ ÖäÅQÃ Þ²Þ Ç5Ä X∗×Y ∗
ç ì Ø3×lÇ�í|ÅQÂcâ[ÅQÇÉÆBÄxÐkËÛÃaáDÒ5ÏÛÇ5Ã�GQÃaákÈ½í|Ø Þ Ã;Ç5ÃWËÛÏÛË Þ ØÊÄ²È�Ø Þ Ü½ÄxÐkÖåÖ?ÐkËÛÄOØ Þ ÒMÅQÇ5Ä;ÄOÕ Þ ÅQÇÉÆBÄOØÆ5Ø Þ Ò5ÄOÅQÔ5Ï HÊÖäØ Þ Æ5ØæÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ�ç

�����I�2H ��I G�� 4²6FE=>ñ7Ú9²7ÚAaGk259�X��½ADC���� �
è�ØªÒ5ÄOÅQÔ5Ï HÊÖäØ
Æ5ØæÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂÙÈ�ÅQÂ Þ Ë Þ ÃOØ
ÍcÄOÕÊÒ�ÅQÂÉÆBÄOØ
ÍcÏÑÐå×=ÇÉØ Þ ÃWËÌÅQÂ Þ Ç5ËÛâQÐkÂ=ÃOØKE

J ±-°x¤ f ∈ L(G1) K ¤«ª ±�ML�§Iª g ∈ L(G2)
¤�§�NPOq�§ (f, g) ∈ L(G)

�;ÅQÇ5ÄåÄOÕÊÒ�ÅQÂÉÆBÄOØ\Ò5ÄxÐkÃWËÌ×lÇÉØÊÖäØÊÂ=ÃÝÍÙÈ�ØÊÃWÃOØé×lÇÉØ Þ ÃWËÌÅQÂ�á²ÅQÂ â½ÐÙÈ�ÅQÖåÖäØÊÂÉÈ�ØÊÄäÒºÐkÄåÆ5Õ�È�ÅQÇ5Ò5ÏÌØÊÄåÏÌØ Þ Æ5ØÊÇBàê z ØÊÇBà+ë\Æ5ØæÄIHÊÜ½ÏÌØ Þ ç
y ÅQËÛÃ

G
Ç5Â ÞOß�Þ ÃIHÊÖäØæÆ5ØæÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ Þ Ç5Ä X∗ × Y ∗

ç<TãÂéÒMØÊÇ5ÃyÃWËÛÄOØÊÄzÆ5Ø
G
Æ5ØÊÇBà Ü½ÄxÐkÖåÖ?ÐkËÛÄOØ Þ áÉÏ~í Ç5ÂÉØ

Þ Ç5Ä X∗
á5ØÊÃyÏ~íqÐkÇ5ÃWÄOØ Þ Ç5Ä Y ∗

EBÒ�ÅQÇ5ÄzÈI[ºÐQ×=ÇÉØªÄIHÊÜ½ÏÌØ
A −→ u1A1u2 . . .

Æ5Ø
G
áÉÐ�â[Ø�È

ui = (fi, gi)
á5ÅQÂ

ÒMØÊÇ5ÃeÆ5Õ~}ÉÂ5ËÛÄeÏÑÐcÄIHÊÜ½ÏÌØ
A −→ f1A1f2 . . .

ÒMÅQÇ5Ä
G1

á5ØÊÃzÏÑÐcÄIHÊÜ½ÏÌØ
A −→ g1A1g2 . . .

ÒMÅQÇ5Ä
G2

ç
{eÏÌÅQÄ Þ Í�È*[ºÐQ×lÇÉØ
ÄIHÊÜ½ÏÌØ·Æ5Ø G1

È�ÅQÄWÄOØ Þ Ò�ÅQÂÉÆéÇ5ÂÉØªÄIHÊÜ½ÏÌØ·Æ5Ø G2

á5ØÊÃzÄOÕ�ÈÊËÛÒ5ÄOÅ�×lÇÉØÊÖäØÊÂ=Ãaç

�O� 7�> ��687 ØÊÂ ÄOØÊÒ5ÄOØÊÂºÐkÂlÃ¹ÏÑÐ·Ü½ÄxÐkÖåÖ?ÐkËÛÄOØRQ L¢�@Ò5ÄOÕ�È�Õ�Æ5ØÊÂlÃOØ½áºÅQÂ ÅQÔ5ÃWËÌØÊÂ=Ã¹È�ÅQÖåÖäØ Ü½ÄxÐkÖåÖ?ÐkËÛÄOØ Þ Ç5Ä
Y ∗

F
G2

N2E
E → ET + | T
T → TF × | F
F → a | E

TãÂ ÆBË Þ Ò�Å Þ Ø ÐkÏÌÅQÄ Þ Æ¼í Ç5ÂÉØãÖäÕÊÃ![ÉÅ�Æ5Ø Æ5ØeÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂÚØ"S�Ø�ÈÊÃWËÛâ[Ø&E�ÅQÂ?ÄOÕaÐkÏÛË Þ ØãÇ5ÂÉØ ÐkÂºÐkÏ ßBÞ Ø ÞWß ÂlÃxÐHàBËÌ×lÇÉØÆBÇñÖäÅQÃ
f
á�×lÇ5Ë�ÂÉÅQÇ Þ ËÛÂÉÆBËÌ×=ÇÉØ?ÏÌØ?Â ◦ Æ5Ø?È*[ºÐQ×lÇÉØÝÄIHÊÜ½ÏÌØ Æ5Ø G1

Ç5ÃWËÛÏÛË Þ Õ�Ø½ç�{eÏÌÅQÄ Þ ËÛÏ Þ ÇUTäÃcÆ¼í Ç5ÃWËÛÏÛË Þ ØÊÄêcØÊÂÚÒºÐkÄxÐkÏÛÏ HÊÏÌØcëÝÏÌØ Þ ÄIHÊÜ½ÏÌØ Þ Æ5Ø G2

ÒMÅQÇ5ÄzØÊÂ5Ü[ØÊÂÉÆBÄOØÊÄãÏÑÐ�ÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ:Æ5Ø
f
ç

�O� 7�> ��687 F ÍæÒºÐkÄWÃWËÛÄ¹ÆBÇäÒ5ÄOØÊÖåËÌØÊÄ¹Ø�àBØÊÖåÒ5ÏÌØ¯N y ÅQËÛÃ ÏÌØyÖäÅQÃ
abaa

çlè;ÐªÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ
G1

Ò�ØÊÇ5Ã Þ í|Õ�ÈÊÄWËÛÄOØ
S → aS | bS | a | b | ε

çt�eÂÉØ:ÐkÂºÐkÏ ß�Þ Ø+Æ5Ø Þ È�ØÊÂÉÆÉÐkÂlÃOØ:ÒMÅQÇ5ÄWÄxÐkËÛÃÝÒ5ÄOØÊÂÉÆBÄOØ+ÏÑÐ ��ÅQÄWÖäØ Þ Ç5ËÛâQÐkÂ=ÃOØÄOØÊÒ5ÄOÕ Þ ØÊÂlÃOÕ�Ø@Í@ÏÑÐo}ÉÜ½Ç5ÄOØ ³ çÛð½ç¹è�Ø Þ Æ5ØÊÇBà ÈI[ÉØÊÖåËÛÂ Þ Ò�Å ÞOÞ ËÛÔ5ÏÌØ Þ á Þ ËãÅQÂ ÂlÇ5ÖäÕÊÄOÅQÃOØ¾ÏÌØ Þ ÄIHÊÜ½ÏÌØ Þ Æ5Ø�ðÍWVBá(È�ÅQÄWÄOØ Þ ÒMÅQÂÉÆ5ØÊÂ=ÃÝÐkÇBà ÄIHÊÜ½ÏÌØ Þ Fhð½á ³ áÛð½á ��N�ØÊÃ Fhð½á ³ áÛð½áÛð½áXV�N�ç Á�Ï¹ÂÉØ\ÄOØ Þ ÃOØ Ò5ÏÛÇ Þ ×lÇ�íqÍÓÐkÒ5Ò5ÏÛËÌ×=ÇÉØÊÄåÏÌØ Þ
�
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������� ³ çÛð � {ãÂºÐkÏ ß�Þ ØªÆ5Ø Þ È�ØÊÂÉÆÉÐkÂlÃOØcÈ�ÅQÖåÒ5Ï HÊÃOØ·Æ5Ø abaa

(ε,abaa)

(S,abaa)

(aS,abaa) (a,abaa)(bS,abaa) (b,abaa)
(S,baa) (  ,baa)ε

(aS,baa) (bS,baa) (a,baa) (b,baa) (  ,baa)ε

(aS,aa) (bS,aa)
(S,a)

(S,aa) (  ,aa)ε

(a,aa)
(  ,a)

(b,aa) (  ,ba)
ε

ε

(aS,a) (bS,a)(a,a)
(  ,  )(S,  )

(b,a) (  ,a)
ε εε

ε

(aS,  )(bS,  ) (  ,  )(b,  )(a,  )ε ε ε ε ε ε

ÄIHÊÜ½ÏÌØ Þ È�ÅQÄWÄOØ Þ Ò�ÅQÂÉÆÉÐkÂlÃOØ¾Æ5Ø:ÏÑÐÓÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ G2

á�ËÌÈÊË
S → Sa | Sb | a | b | ε

ç ì ØÊÏÑÐ�Æ5ÅQÂ5ÂÉØ E
S → Sa → Sba → Saba → aaba

ç

� 7=>ñ25G � X;7 {;â[Ø�È�Ç5ÂÉØ?ÐkÂºÐkÏ ßBÞ ØäÆ5Ø Þ È�ØÊÂÉÆÉÐkÂ=ÃOØ½á�ÅQÂ@Ò�ØÊÇ5Ã@�~ÐkËÛÄOØ�ÏÑÐ\ÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ�ØÊÂÓÖKQÊÖäØ?ÃOØÊÖåÒ Þ×=ÇÉØÙÏ~íqÐkÂºÐkÏ ß�Þ Ø FFÖKQÊÖäØ Þ í ËÛÏ ß Ð�ÆBÇÎÔºÐQÈ	��ÃWÄxÐQÈ	� N�ç y ËªÅQÂ � ÐkËÛÃ\Ç5ÂÉØÓÐkÂºÐkÏ ßBÞ ØÓÐ Þ È�ØÊÂÉÆÉÐkÂlÃOØ½áyËÛÏ��~ÐkÇ5ÃÐkÃWÃOØÊÂÉÆBÄOØ·×=ÇÉØªÏ~íqÐkÂºÐkÏ ßBÞ Ø Þ ÅQËÛÃzÃOØÊÄWÖåËÛÂÉÕ�Ø·ÒMÅQÇ5Ä¢�~ÐkËÛÄOØæÏÑÐ�ÃWÄxÐQÆBÇÉÈÊÃWËÌÅQÂ�ç

\2]�\ 
 e/f���������&;�a|9�C	�2A&e/f

J���� J�� J £ ¡-¤�¥I¦¨§*¡2©q§ � ª_¬�©<�®¯¤«°«±-² � ° ª!°���� §���¬�ª�NW¬ J £8²>¤4¬! �§ ç
è�Ø Þ y L Ç5ÃWËÛÏÛË Þ Õ Þ ØÊÂ�È�ÅQÖåÒ5ËÛÏÑÐkÃWËÌÅQÂ Þ ÅQÂlÃåÇ5Â ÒMØÊÇ�ÆBË S¼ÕÊÄOØÊÂlÃ Þ Æ5Ø\È�Ø\×=Ç�í|ÅQÂ�â�ËÌØÊÂlÃäÆ5Ø â[ÅQËÛÄ�E²ËÛÏ Þ ÄOØ~�Ò5ÄOØÊÂ5ÂÉØÊÂ=Ã?Ï~í ËÌÆ5Õ�ØéÆ5ØéÈ�ÅQÇ5Ò5ÏÌØÊÄÝÐkÇBà ÄIHÊÜ½ÏÌØ Þ ×=Ç5ËyÄOØ�È�ÅQÂ5ÂºÐkË ÞOÞ ØÊÂlÃ F�ØÊÃäÆ5Õ�È�ÅQÖåÒMÅ Þ ØÊÂlÃ_N�ÏÌØ Þ ÖäÅQÃ Þ Æ¼í Ç5ÂÏÑÐkÂ5ÜlÐkÜ[Ø·Æ5Ø Þ#"%$'&	(*),+.- ÍåÐQÈ�È�ÅQÖåÒ5ÏÛËÛÄeÒºÐkÄzÏÌØªÈ�ÅQÖåÒ5ËÛÏÑÐkÃOØÊÇ5Äaç

� 7�X � 7 � 7�> ��6F7l<ä20/ 7�� � 121
E → E + T

F4365%7�8�F E:9<;CB*5%7�8�F E:9>=.?A@B;CBC5%7D8 F"EE9�=.?F?
E → T
T → T × F

F4365%7�8�F E:9<;CB*5%7�8�F E:9>=.?
×
;CB*5%7�8�F E:9>=.?G?

T → F
F → ( E )
F → a

F4365%7�8 F"E:9>=IH>JLKE8 F4M EE9
a
?G?

�
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è�Ø Þ ÐQÈÊÃWËÌÅQÂ Þ Ð ÞxÞ Å=ÈÊËÌÕ�Ø Þ ÐkÇBà
ÄIHÊÜ½ÏÌØ Þ Ò�ØÊÄWÖäØÊÃWÃOØÊÂlÃ�Æ¼í|ÕÊâ½ÐkÏÛÇÉØÊÄ|F�ÈaÐkÏÌÈÊÇ5ÏÌØÊÄ_N�Ï~í|Ø�àBÒ5ÄOØ ÞOÞ ËÌÅQÂ�ØÊÂ ÖKQÊÖäØïÃOØÊÖåÒ Þ×lÇ�í|ÅQÂÚÏÑÐcÄOØ�È�ÅQÂ5ÂºÐ�PÌÃ F�ØÊÂ:ÐkÂºÐkÏ ßBÞ ØªÆ5Ø Þ È�ØÊÂÉÆÉÐkÂlÃOØ¯N�ç
ì Ø ×=Ç�í|ÅQÂ¾â=ËÌØÊÂ=Ã Æ5Ø ÄOÕaÐkÏÛË Þ ØÊÄaá�È�Ø
Â�í|Ø Þ ÃãÒºÐ Þ Ç5Â����E365%7�8�K��,F M EÊá�Ö?ÐkË Þ Ç5Â 7 D��,F"E*5#E�B��,F4M�E�çlJ¾ÐkË ÞãÞ Ç5ÄãÏÑÐÖKQÊÖäØªËÌÆ5Õ�Ø½áÉÅQÂÚÒ�ØÊÇ5ÃzÈ�ÅQÂ Þ ÃWÄWÇ5ËÛÄOØ·Ç5Âéâ�ÄxÐkË�È�ÅQÖåÒ5ËÛÏÑÐkÃOØÊÇ5Ä E

E → E + T � D @ F"D%;$E�F"E 8�	 �F5MB"E K��>7
�$D��
 u��k�D{|�~{��U�k�H}itM�q}�«h�U�a�~}i�D�¹�H}h�ºwy�hwy��{|t~}h�º�D�����º��}i��u��at~}h� � }h� � �����º}h�� ��wywy}i���D}(�k{q�q} #��
 wy}i� � t~}��q}�t~�h� �k�|�vuO�²�HuU�H�¼�]u¹�Dt~}hwy{q�it~}(�D}h���H}h�D¤ �
 � �k�k�Dt~{qwy}it¼�k�ã�h�q�hwy}h�����H}²�]u¹�H{q��} #

E → T
T → T × F � D @ F"D%;$E�F"E 8�	 �F5MB"E K��>7
�$D��

 wï�k�|�~{q�k�q{q}it²��} «h�U�a�~}i�D�
�D}h�²wy�hwy�U{|t~}h�²�D�������q}h��u��Dt~}i� � }h��� �����²}h�� ��wywy}i���D}(�k{q�q} # �
 wy}i� � t~}��q}�t~�h� �k�|�vuO�²�HuU�H�¼�]u¹�Dt~}hwy{q�it~}(�D}h���H}h�D¤ �
 � �k�k�Dt~{qwy}it¼�k�ã�h�q�hwy}h�����H}²�]u¹�H{q��} #

T → F
F → ( E )
F → a � D�@CF"D%;$E�F"E28�	 �F5MB"E K��>7
�$D��

 wy}i� � t~} a
�kux�k���k�H}�«WuU� }(�q{q¡Ht~} # �

 wy}i� � t~}��Û� u��Dt~}i� � }3�D}�«h}i� �~}(«huU� } �kux�k�¼��uï�k{q�q} #

������� ³ ç ³ � Q�àBØÊÖåÒ5ÏÌØ
Æ5Ø·È�ÅQÖåÒ5ËÛÏÑÐkÃOØÊÇ5Ä Q L¢�

E

+ T

F

E

T

T * F

3F

2

4

STO M1 2
STO M2 3
MUL M1 M2
STO M3 4
ADD M1 M3

M1
M2
M3

��� <¯X;> � {;â[Ø�ÈªÇ5ÂÉØæÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ
ØÊÃãÆ5Ø Þ ê�ÐQÈÊÃWËÌÅQÂ Þ ë[áÉÅQÂÚÒ�ØÊÇ5Ã|� ÐkËÛÄOØKE
� �;2É6 � <a7+< � �MAa2 � C � X;7 {yÈÊÃWËÌÅQÂ E5ËÛÖåÒ5ÄWËÛÖäØÊÄzÂ

◦
Æ5ØªÄIHÊÜ½ÏÌØ

1 Gk259�X��½ADC�����9²2 ��<
X∗ × Y ∗

{yÈÊÃWËÌÅQÂ EºÐkÒ5Ò5ÏÛËÌ×lÇÉØÊÄeÏÑÐcÄIHÊÜ½ÏÌØ·ÆÉÐkÂ Þ G2

ç
� �MAa7=G��²G � Aa2BADC���� {yÈÊÃWËÌÅQÂ�EÉÈaÐkÏÌÈÊÇ5ÏÌØÊÄ Þ Ç5ÄzÆ5Ø Þ â½ÐkÏÌØÊÇ5Ä Þ
� � > ��C�6F2BADCW�>� {yÈÊÃWËÌÅQÂ EBÜ[ÕÊÂÉÕÊÄOØÊÄãÆBÇÚÈ�Å�Æ5Ø

#�� �(� �k�H�½��� } �a�H}É��}º«h�Uwy�k{q��ux�~}h�Dt�U�it~}M�D}h��«huU� }h�Bwy�iwy��{|t~}5�q{�¡Dt~}h�h¬xuU{q�H� {����=� �k�H}º�H{q��}U¬O���k{��H} � }�tvu��kuU�=�k�h«h}i� �~uU{|t~}
����������� �"!$#&% o

V
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� CF>�C8Aa7 Á�Ï�Â�í|Ø Þ Ã ÒºÐ Þ ÃOÅQÇ z ÅQÇ5Ä Þ Ò�Å ÞOÞ ËÛÔ5ÏÌØ
Æ5ØV�~ÐkËÛÄOØ Æ5Ø ÏÑÐ?È�ÅQÖåÒ5ËÛÏÑÐkÃWËÌÅQÂ F�ÆBÇÙÖäÅQËÛÂ Þ ÐkÇ ÞOÞ Ë Þ ËÛÖåÒ5ÏÌØ~�ÖäØÊÂ=Ã_N�ç���ÐkÄyØ�àBØÊÖåÒ5ÏÌØ½á Þ ËMÅQÂ\Ð ÆÉÐkÂ Þ Ï~íqÐkÄWÔ5ÄOØ ÞWß ÂlÃxÐHàBËÌ×=ÇÉØãÆ¼í Ç5Â Ò5ÄOÅQÜ½ÄxÐkÖåÖäØ@�²Ð Þ ÈaÐkÏ�Æ¼í Ç5ÂÉØãÒºÐkÄWÃïÏÌØ ÞÆ5Õ�ÈÊÏÑÐkÄxÐkÃWËÌÅQÂ Þ á�ØÊÃcÆ¼íqÐkÇ5ÃWÄOØ?ÒºÐkÄWÃcÏÌØ Þ ÅQÒ�ÕÊÄxÐkÃWËÌÅQÂ Þ á;ËÛÏïØ Þ Ã
ÂÉÕ�È�Ø ÞOÞ ÐkËÛÄOØ\ÐkÇñÖäÅQÖäØÊÂlÃåÅZ ÅQÂñÜ[ÕÊÂ HÊÄOØÝÏÌØÈ�Å�Æ5ØªÈ�ÅQÄWÄOØ Þ Ò�ÅQÂÉÆÉÐkÂlÃ ÐkÇBàÚÅQÒ�ÕÊÄxÐkÃWËÌÅQÂ Þ Æ5ØªÈ�ÅQÂ5ÂºÐ�PÌÃWÄOØ
ÏÌØæÃ ß ÒMØ·Æ5Ø Þ âQÐkÄWËÑÐkÔ5ÏÌØ Þ�� E
�

�����

HHHHH

Æ5Õ�ÈÊÏÑÐkÄxÐkÃWËÌÅQÂ Þ
���

HHH
�����	�
��� ����	���
�

ËÛÂ Þ ÃWÄWÇÉÈÊÃWËÌÅQÂ Þ
�� HHççç
×

�� HH� 

ççç

{ãÇ5ÃWÄOØÊÖäØÊÂlÃåÆBËÛÃaá�È�ØÊÃWÃOØ\ÐkÒ5Ò5ÄOÅ�ÈI[ÉØÓê\ÏÌÅ�ÈaÐkÏÌØ\ë FFËÛÏ Þ ÇUTäÃcÆ5Ø Þ Ðaâ[ÅQËÛÄc×=ÇÉØÊÏÛÏÌØ?ÄIHÊÜ½ÏÌØ Þ íqÐkÒ5Ò5ÏÛËÌ×=ÇÉØ?Ò�ÅQÇ5Ä
Þ Ðaâ[ÅQËÛÄc×=ÇÉØÊÏÛÏÌØ\ÐQÈÊÃWËÌÅQÂ Ø"S¼Ø�ÈÊÃWÇÉØÊÄ_N·ÄOØÊÂÉÈ�ÅQÂlÃWÄOØéÆ5Ø Þ ÏÛËÛÖåËÛÃOØ Þ E�È�ØÊÄWÃxÐkËÛÂÉØ Þ ËÛÂ8� ÅQÄWÖ?ÐkÃWËÌÅQÂ Þ Æ5ÅQËÛâ[ØÊÂ=Ã�QÊÃWÄOØÖ?ÐkÂ5ËÛÒ5Ç5ÏÌÕ�Ø Þ Æ5Ø¨�~Ð���ÅQÂ Ü½ÏÌÅQÔºÐkÏÌØ½ç YæØÊÇBà�Ã ß ÒMØ Þ Æ5ØéÄOÕÊÒMÅQÂ Þ Ø Þ Ò�Å ÞOÞ ËÛÔ5ÏÌØ Þ FFÏÌØ Þ Æ5ØÊÇBà Þ ÅQÂlÃäÖåË Þ Ø Þ ØÊÂ
� Ç5â�ÄOØ·ÆÉÐkÂ Þ ÏÌØ Þ È�ÅQÖåÒ5ËÛÏÑÐkÃOØÊÇ5Ä Þ N@E
� ÏÌØ Þ�Þ ÃWÄWÇÉÈÊÃWÇ5ÄOØ Þ Æ5Ø Æ5ÅQÂ5ÂÉÕ�Ø Þ?Þ ÃxÐkÃWËÌ×lÇÉØ Þ ÖäÅ�ÆBË0}ºÕ�Ø Þ ØÊÃ?ÐQÈ�È�Ø ÞOÞ ËÛÔ5ÏÌØ Þ Í:ÃOÅQÇ5Ã�ÖäÅQÖäØÊÂlÃMFFÃxÐkÔ5ÏÌØéÆ5Ø Þ
ÞOß Ö ÔMÅQÏÌØ Þ áBÒ5ËÛÏÌØ½çÛçÛç N

� ÏÌØ Þ¹ÞWßBÞ ÃIHÊÖäØ Þ Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ áÉËÛÂ8��ÅQÄWÖ?ÐkÃWËÌÅQÂ Þ Ð ÞxÞ Å=ÈÊËÌÕ�Ø Þ ÐkÇBà Â � ÇÉÆ Þ Æ5Ø Ï~íqÐkÄWÔ5ÄOØ ÞWß ÂlÃxÐHàBËÌ×lÇÉØ Ò5ÄOÕÊâ�Ç ÞÒ�ÅQÇ5ÄyÒ�ØÊÄWÖäØÊÃWÃWÄOØªÇ5ÂÉØÝê Ò5ÄOÅQÒºÐkÜlÐkÃWËÌÅQÂ@ë Æ5Ø Þ ËÛÂ8��ÅQÄWÖ?ÐkÃWËÌÅQÂ Þ ÆÉÐkÂ Þ Ï~íqÐkÄWÔ5ÄOØ ÞOß Â=ÃxÐHà�ËÌ×=ÇÉØ½ç

\2]�� ����� 7GC!9�CI=D7 ?Ge/f f��@fq9�� bde/f ?��xa|9<9<;>C��&AV9�f

hUi �Ui4j monqp,rtsvu�sxw�r

ÁiÆ5Õ�ØyËÛÂlÃWÇ5ËÛÃWËÛâ[Ø&E=Í·ÈI[ºÐQ×=ÇÉØeÂ � ÇÉÆÝÆ5ØyÏ~íqÐkÄWÔ5ÄOØ ÞOß Â=ÃxÐHà�ËÌ×=ÇÉØVF�È½í|Ø Þ Ã���Í��vÆBËÛÄOØæÍªÈI[ºÐQ×=ÇÉØ Å=È�ÈÊÇ5ÄWÄOØÊÂÉÈ�ØãÆ¼í Ç5ÂÂÉÅQÂ@ÃOØÊÄWÖåËÛÂºÐkÏ3ÆÉÐkÂ Þ Ç5ÂÉØäÆ5ÕÊÄWËÛâ½ÐkÃWËÌÅQÂ�N�á�ÅQÂñÐ ÞOÞ Å=ÈÊËÌØ�Ç5ÂÉØäÅQÇñÒ5ÏÛÇ Þ ËÌØÊÇ5Ä Þ ê ÈaÐ Þ Ø Þ ÖäÕÊÖäÅQËÛÄOØ Þ ë¾Æ5ÅQÂ=ÃÏÌØ Þ â½ÐkÏÌØÊÇ5Ä Þ â[ÅQÂ=Ã:QÊÃWÄOØ·ÈaÐkÏÌÈÊÇ5ÏÌÕ�Ø Þ ØÊÂéÖKQÊÖäØªÃOØÊÖåÒ Þ ×=ÇÉØæÏÌØ Þ Æ5ÕÊÄWËÛâ½ÐkÃWËÌÅQÂ+ËÛÂlÃOØÊÄWâ�ËÌØÊÂ5ÂÉØÊÂlÃaç
�����I�"! �_��� <�AaE=>ñ7+9$# 2BA�AaGQCF4�X�Aa<�
�ãÂ ¡�£q¡¯¤�¥I¦¨§&©&% ¬�¤!¤«ª!°�'8q¤v¡ F�ÅQÇ ê ��ª_¬�¦�¦�¬�° ª § ¬�¤!¤«ª!°�'8 � § ëqN Ø Þ ÃªÆ5Õ~}ÉÂ5Ë�ÒºÐkÄªÏÑÐ Æ5ÅQÂ5ÂÉÕ�ØåÆ5Ø
〈X,V, S, P,A,R〉

á ÅZ
� X

á
V
á
S
á
P Þ ÅQÂlÃeÆ5Õ~}ÉÂ5Ë Þ Æ5ØæÏÑÐ&�~Ð���ÅQÂ�[ºÐkÔ5ËÛÃWÇÉØÊÏÛÏÌØ½á

� A
Ø Þ Ã�Ç5Â�ØÊÂ Þ ØÊÖ
Ô5ÏÌØzÆ¼í ¬�¤!¤«ª!°�'8q¤v¡ ç�TãÂåÒ�ØÊÇ5Ã�â[ÅQËÛÄ(Ï~íqÐkÃWÃWÄWËÛÔ5Ç5Ã È�ÅQÖåÖäØ¹Ç5Âåâ½ÐkÄWËÑÐkÔ5ÏÌØ¹ÐkÇ Þ ØÊÂ ÞËÛÂ8� ÅQÄWÖ?ÐkÃWËÌ×=ÇÉØcÆBÇÓÃOØÊÄWÖäØ¨EMËÛÏ�ÐÝÇ5ÂÙÂÉÅQÖÚá¼ØÊÃæÒ5ÄOØÊÂÉÆ@ÍÝÃOÅQÇ5ÃæËÛÂ Þ ÃxÐkÂlÃªÇ5ÂÉØcâ½ÐkÏÌØÊÇ5ÄªÒºÐkÄWÖåËÇ5ÂÚØÊÂ Þ ØÊÖ
Ô5ÏÌØ
Æ5Øæâ½ÐkÏÌØÊÇ5Ä Þ Ò�Å ÞOÞ ËÛÔ5ÏÌØ Þ ç

� R
Ø Þ ÃeÇ5Â+ØÊÂ Þ ØÊÖ
Ô5ÏÌØ Æ5Ø ª ¥ ��N«§*¡�©q§�®~¬	N«®¯$N á Ð ÞOÞ Å=ÈÊËÌÕ�Ø Þ ÍäÈI[ºÐQ×=ÇÉØ·ÄIHÊÜ½ÏÌØ
Æ5Ø P

ç ì Ø Þ ÄIHÊÜ½ÏÌØ ÞÆ5ØªÈaÐkÏÌÈÊÇ5Ï�ÒMØÊÇ5â[ØÊÂ=ÃeÒ5ÄOØÊÂÉÆBÄOØªÇ5ÂÉØ·Æ5Ø Þ Æ5ØÊÇBà � ÅQÄWÖäØ ÞzÞ Ç5ËÛâ½ÐkÂlÃOØ Þ E
( "

A = {α1, α2, . . . , αk} )
+�#¯������%�)��+**'¯. )��	)

P
�	)�.0�", #���-2)

A −→ f1A1f2A2 . . . flAl+1 ).W�0/
A.αi 132 Φ(Ap.αq (p ∈ [1, l], q ∈ [1, k]), A.αj (j ∈ [1, k] & j 6= i)).54
/
Aj .αi 132 Ψ(A.αj (j ∈ [1, k]), Ap.αq (p ∈ [1, l], q ∈ [1, k] & p 6= j))YªÐkÂ Þ ÏÌØ
ÈaÐ Þ F Ð�N�áºÅQÂ:ÆBËÛÃ ×lÇÉØ αi

Ø Þ ÃãÇ5ÂÙÐkÃWÃWÄWËÛÔ5Ç5Ã ¡�£q²�¤76 �¯¤«° ¡ � � ÆÉÐkÂ Þ ÏÌØ ÈaÐ Þ FFÔ�NyÅQÂÙÆBËÛÃ×=ÇÉØ
αi

Ø Þ ÃyÇ5ÂÙÐkÃWÃWÄWËÛÔ5Ç5Ã 6 �Iª!°x¤<� ç

.98 }(�Dt~��¡k�q�hwy}²�Quxt �~{q«h�H�q{�}�t²}h�����q{q�;:ï«h}����=� �U�æuU�H�½}h�q�q}(��}(�½�U�|�Hwy�xt~�k®H{�� wy}²�H}h���U�½�itvux�~}h�Dt~�ho
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hUi �UiWh ��� 137��>+ 1

y ÅQËÛÃzÏÑÐcÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ Þ Ç5ËÛâ½ÐkÂlÃOØ E (1) S → AcB
(2) A → aAb
(3) A → c
(4) B → dA

TãÂ+â[ØÊÇ5ÃeÏÛÇ5Ë�Ð ÞOÞ Å�ÈÊËÌØÊÄzÇ5Â ÞOß�Þ ÃIHÊÖäØ ÍäÆ5ØÊÇBà:ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ E α F ÞWß ÂlÃ![ÉÕÊÃWË Þ Õ¯NzØÊÃ β
F�[ÉÕÊÄWËÛÃOÕ¯N�çMè�Ø Þ ÄIHÊÜ½ÏÌØ Þ

Þ ÅQÂlÃeÆ5Õ~}ÉÂ5ËÌØ Þ Æ5ØæÏÑÐ&�~Ð���ÅQÂ Þ Ç5ËÛâQÐkÂ=ÃOØ E
E�� @E8 F 9	�F? �

S.α := A.α + B.α
A.β := B.α
B.α := 1E�� @E8 F 9�
 ?� �
A0.α := A1.α + 1
A1.β := A0.βE�� @E8 F 9�� ? �
A.α := A.βE�� @E8 F 9��E? �
B.α := 1
A.β := 1

�²ÅQÇ5Ä�Ç5ÂåÖäÅQÃ�Æ5ÅQÂ5ÂÉÕyÄOØ�È�ÅQÂ5Â=ÇäÒºÐkÄ�ÏÑÐãÜ½ÄxÐkÖ �
Ö?ÐkËÛÄOØ½áeÅQÂ ÕÊâQÐkÏÛÇÉØ F�ÈaÐkÏÌÈÊÇ5ÏÌØ¯N\ÏÌØ Þ ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ
Þ Ç5Ä
Ï~íqÐkÄWÔ5ÄOØ\Æ5ØÝÆ5ÕÊÄWËÛâ½ÐkÃWËÌÅQÂ È�ÅQÄWÄOØ Þ ÒMÅQÂÉÆÉÐkÂ=Ãaç
{;â[Ø�ÈåÏÌØ�ÖäÅQÃ

aaacbbbcdacb
á�ÒºÐkÄ
Ø�à5ØÊÖåÒ5ÏÌØ½á

È�ØÊÏÑÐäÆ5ÅQÂ5ÂÉØKE
S

A

A

A

A

c

B

d A

A

c

a b

a b

a b

a b

1 1

1

1

1 1 1

1

11

2

2

3

4

5

c

α β

+1+1

+1

+1

�O� 7=G��lC��[7 ì ÐkÏÌÈÊÇ5ÏÌØÊÄ ÏÑÐ â½ÐkÏÌØÊÇ5Ä ÅQÔ5ÃOØÊÂlÇÉØ
ÒMÅQÇ5Ä²ÏÌØ ÖKQÊÖäØïÖäÅQÃaá½Ð�â[Ø�ÈïÏÌØ3ÖKQÊÖäØ ÞWß�Þ ÃIHÊÖäØÆ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ á Þ ÐkÇ8�zÏÑÐÚÄIHÊÜ½ÏÌØ Æ5Ø?ÈaÐkÏÌÈÊÇ5ÏzÐ ÞOÞ Å��ÈÊËÌÕ�ØäÍ ÏÑÐ ÄIHÊÜ½ÏÌØ F���N&E

B.α := 1 + A.α
F ÐkÇ

ÏÛËÌØÊÇ Æ5Ø
B.α := 1

N�çUTãÂ�ÅQÔ Þ ØÊÄWâ[ØéÐkÏÌÅQÄ Þ Ç5Â
Þ ØÊÂ Þ ÆBË S¼ÕÊÄOØÊÂlÃeÒ�ÅQÇ5ÄyÏÌØªÈaÐkÏÌÈÊÇ5Ï~ç

S

A

A

A

A

c

B

d A

A

c

a b

a b

a b

a b

3

3

3 1

1

11

2

4

5

6

9

c

α β

+1+1

+1

+1

+1

3

3

3
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Q(Â Ð z ÅQÇ5ÃxÐkÂlÃzÐkËÛÂ Þ ËÉÇ5Â ÞWßBÞ ÃIHÊÖäØzÆ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ ÍªÇ5ÂÉØeÜ½ÄxÐkÖåÖ?ÐkËÛÄOØ½áBÅQÂ ÐkÇ5Ü½ÖäØÊÂlÃOØ È�ÅQÂ Þ ËÌÆ5ÕÊÄxÐkÔ5ÏÌØÊÖäØÊÂ=Ã
Þ ÐÚê Ò5Ç5Ë ÞOÞ ÐkÂÉÈ�Ø ë[á5Ö?ÐkË Þ Æ5ØæÂÉÅQÇ5â[ØÊÏÛÏÌØ Þ ×lÇÉØ Þ ÃWËÌÅQÂ ÞeÞ ØæÒ�Å Þ ØÊÂlÃ�E
ð½ç¢�²ØÊÇ5Ã��vÅQÂ?ÃOÅQÇ z ÅQÇ5Ä Þ ÈaÐkÏÌÈÊÇ5ÏÌØÊÄ(ÏÌØ Þ ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ ÆÉÐkÂ Þ Ç5Â ÞWßBÞ ÃIHÊÖäØ¹Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ F�ÆÉÐkÂ Þ ÃOÅQÇ Þ ÏÌØ Þ ÈaÐ Þ áÈ½í|Ø Þ Ã���Í��vÆBËÛÄOØ
ÒMÅQÇ5ÄyÃOÅQÇ5ÃzÖäÅQÃeÄOØ�È�ÅQÂ5ÂlÇ�NqR
�	� �[ÀÛux�H�;�H{q���~{q�kU�k}it;�q}h���H}h�D¤ã��«i«h�Ht t~}h�H«h}h�;�H}

A
�kuU�H���]uït~�i��q}��Ñn���o � ���3t~�i°Ñ�h«�t~{q��� :¹«h}i��}	�[}i����uït~�hU��} �D}(�]uÀ u! h�U�ª� �k{q¯UuU���~}ï¸"�Ñn��

A
0

→ aA
1
b
o

�



�ãÂ5ËÛâ[ØÊÄ Þ ËÛÃOÕ���ÐkÄWË Þ���� è�Á��	�	
 � �	������ �����	���������	���! �"$#�%&��"$��"$'�(*),+��-�/.0�2143%� ��-5	)

³ ç��ãÇÉØÊÏÛÏÌØ ÞeÞ ÅQÂ=ÃzÏÌØ ÞzÞ ÃWÄxÐkÃOÕÊÜ½ËÌØ Þ ÒMÅ ÞOÞ ËÛÔ5ÏÌØ Þ F ÐkÏÛÜ[ÅQÄWËÛÃ![5ÖäØ Þ NyÆ5ØªÈaÐkÏÌÈÊÇ5Ï;Æ5Ø Þ ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ R
YæØ �~Ð���ÅQÂ ÖäÅQËÛÂ Þ Ã![ÉÕ�ÅQÄWËÌ×=ÇÉØ½á ÅQÂ�Ò�ØÊÇ5ÃÝÐkÇ ÞOÞ Ë Þ ØÚÆ5ØÊÖ?ÐkÂÉÆ5ØÊÄÝÈ�ÅQÖåÖäØÊÂ=ÃÝØ�àBÒ5ÏÌÅQËÛÃOØÊÄ?È�ÅQÂÉÈÊÄIHÊÃOØÊÖäØÊÂlÃÇ5Â ÞOß�Þ ÃIHÊÖäØ
Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ Ò�ÅQÇ5Ä¢�~ÐkËÛÄOØ
Æ5ØªÏÑÐåÈ�ÅQÖåÒ5ËÛÏÑÐkÃWËÌÅQÂ�áMÅQÇÚÒ5ÏÛÇ Þ Ü[ÕÊÂÉÕÊÄxÐkÏÌØÊÖäØÊÂlÃæÆ5Ø·ÏÑÐ+ê�ÃWÄxÐQÆBÇÉÈ~�ÃWËÌÅQÂ ÆBËÛÄWËÛÜ[Õ�Ø?ÒºÐkÄcÏÑÐ ÞWß Â=ÃxÐHàBØ\ë FFÒºÐkÄ�Ø�à5ØÊÖåÒ5ÏÌØ½á�Ò�ÅQÇ5Ä ÄOØÊâ[ØÊÂ5ËÛÄäÐkÇ�Ò5ÄOÅQÔ5Ï HÊÖäØ Æ5Õ z Í:ÕÊâ[Å=×=ÇÉÕ?Æ5ØÝÏÑÐÆ5Õ�ÈÊÏÑÐkÄxÐkÃWËÌÅQÂ Æ5Ø Þ âQÐkÄWËÑÐkÔ5ÏÌØ Þ á²ÅQÂ�â[ÅQËÛÃå×lÇÉØ?Ï~í|ÅQÂ ÒMØÊÇ5Ã�ØÊÂlâ�Ë Þ ÐkÜ[ØÊÄåÆ¼íqÐ�â[ÅQËÛÄ�ÏÌØ Þ Ã ß ÒMØ Þ Æ5Ø Þ â½ÐkÄWËÑÐkÔ5ÏÌØ Þ×=Ç5ËzÄOØÊÖäÅQÂlÃOØÊÂ=ÃéÆÉÐkÂ Þ ÏÑÐ¾ÒºÐkÄWÃWËÌØ���Æ5Õ�ÈÊÏÑÐkÄxÐkÃWËÌÅQÂ���F ÞWß ÂlÃ![ H Þ Ø¯N�á3ØÊÃÝ×=Ç5ËeÆ5Ø Þ È�ØÊÂÉÆ5ØÊÂlÃ ÆÉÐkÂ Þ ÏÑÐÓÒºÐkÄWÃWËÌØ��ÕÊâ½ÐkÏÛÇºÐkÃWËÌÅQÂ�� F�[ÉÕÊÄWËÛÃxÐkÜ[Ø¯N!N�ç

hUi �Ui�� � � 137�� + 1�h

Q�àBÒ5ÄOØ ÞOÞ ËÌÅQÂ Þ ÐkÄWËÛÃ![5ÖäÕÊÃWËÌ×lÇÉØ Þ ÒMÅ Þ Ã�}5à5Õ�Ø Þ á�ð·ÐkÃWÃWÄWËÛÔ5Ç5Ã ÞWß ÂlÃ![ÉÕÊÃWË Þ Õ½ç ì ÐkÏÌÈÊÇ5Ï�ÆBÇéÂÉÅQÖ
Ô5ÄOØ·Æ5ØæÄOØÊÜ½Ë Þ ÃWÄOØ ÞÂÉÕ�È�Ø ÞOÞ ÐkËÛÄOØ Þ Í¹Ç5ÂÉØ(ÕÊâ½ÐkÏÛÇºÐkÃWËÌÅQÂ�ç (1) S0 → S1S2b

S0 :=
[

(S1.α == S2.α) � S1.α + 1 	 3 K�
 (S1.α, S2.α)
]

(2) S → a
S.α := 0

hUi �Ui� � � 137�� + 1�h
′

TãÂÚÄOØÊÒºÐkÄWÃãÆ5ØæÏ~í|Ø�àBØÊÖåÒ5ÏÌØ
Ò5ÄOÕ�È�Õ�Æ5ØÊÂlÃaáºÅQÂÙÐ z ÅQÇ5ÃOØæÇ5ÂÉØªÄIHÊÜ½ÏÌØ�Fv��N�áÉØÊÃyÇ5Â:ÐkÃWÃWÄWËÛÔ5Ç5ÃD[ÉÕÊÄWËÛÃOÕ F β N�ç
(1) S0 → S1S2b

S0 :=
[

(S1.α == S2.α) � S1.α + 1 	 3 K�
 (S1.α, S2.α)
]

S1.β := S0.β + 1
S2.β := S0.β × 2

(2) S → a
S.α := S.β

(3) S′ → S
S.β := 1

hUi �Ui� � � 137�� + 1�h
′′

� ÐkÄWËÑÐkÂ=ÃOØãÆ5ØeÏ~í|Ø�àBØÊÖåÒ5ÏÌØãÒ5ÄOÕ�È�Õ�Æ5ØÊÂlÃ@F Þ ØÊÇ5Ï È*[ºÐkÂ5Ü[ØÊÖäØÊÂlÃ�E����3ÄIHÊÜ½ÏÌØ Ð ÞxÞ Å=ÈÊËÌÕ�ØãÍ Fhð¯N!N�álÅZÝÏÌØeÈaÐkÏÌÈÊÇ5ÏMØ Þ ÃÒ5ÏÛÇ Þ È�ÅQÖåÒ5ÏÛËÌ×=ÇÉÕ E5ÅQÂéÂÉØ·ÒMØÊÇ5ÃyÒºÐ Þ Æ¼íqÐkÔMÅQÄOÆÚÈaÐkÏÌÈÊÇ5ÏÌØÊÄeÃOÅQÇ Þ ÏÌØ Þ β
áBÒ5Ç5Ë Þ ÃOÅQÇ Þ ÏÌØ Þ α

ç
(1) S0 → S1S2b

S0 :=
[

(S1.α == S2.α) � S1.α + 1 	 3 K�
 (S1.α, S2.α)
]

S1.β := S0.β + 1
S2.β := S1.α × 2

(2) S → a
S.α := S.β

(3) S′ → S
S.β := 1

TãÂÙâ[ÅQËÛÃæÔ5ËÌØÊÂ Þ Ç5ÄæÈ�ØcØ�àBØÊÖåÒ5ÏÌØcÏÑÐÝÆBË T?ÈÊÇ5ÏÛÃOÕåÆ5Ø
Ò5ÄOÕ�ÆBËÛÄOØ�×=Ç�í Ç5Â ÞWßBÞ ÃIHÊÖäØcÆ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ Æ5ÅQÂ5ÂÉÕ Þ ØÊÄxÐÈaÐkÏÌÈÊÇ5ÏÑÐkÔ5ÏÌØ½ç
ó
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Y ØÊÇBàÚÐkÃWÃWÄWËÛÔ5Ç5Ã Þ ÞWß Â=Ã![ÉÕÊÃWË Þ Õ Þ F α ØÊÃ
γ
N�áÉØÊÃyÇ5ÂÙÐkÃWÃWÄWËÛÔ5Ç5ÃO[ÉÕÊÄWËÛÃOÕ F

β
N�ç

(1) S → STb
S0.α :=

3 K�

(S1.α, T.α)

S0.γ := S1.γ + T.γ
S1.β := S0.α
T.β := S0.α + S0.β

(2) T 0 → T 1c
T 0.α := T 1.α + 1
T 0.γ := T 1.γ + 1
T 1.β := T 0.β

(3) T → c
T.α := 1
T.γ := T.β

(4) S → a
S.α := 2
S.γ := S.β + 1

hUi �Ui�� ��� 137��>+ 1 �
Q�àBØÊÖåÒ5ÏÌØ
Æ5Ø ÞWßBÞ ÃIHÊÖäØæËÛÖåÒMÅ ÞxÞ ËÛÔ5ÏÌØ

(1) S → S1S2b
S0.α := S1.α + S2.α
S1.β := S0.β
S2.β := S0.β

(2) S → a
S.α := S.β

(3) S′ → S
S.β := 2 × S.α

\2]�� ¨e/fq9g?&e B�C!;�B�A��Ia¢;�C�9��	��a	��
D=D;>C�9�&bde ?��3���ta��IAGa¢9�CI=D7 ? �4a|9 9<;�C9� A�9�f

� 7�>@25G � X�7 TãÂ@ÒMØÊÇ5ÃcÐ�â[ÅQËÛÄ�Æ5Ø Þ·ÞWßBÞ ÃIHÊÖäØ Þ Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ ÈaÐkÏÌÈÊÇ5ÏÑÐkÔ5ÏÌØ Þ Ò�ÅQÇ5Ä
È�ØÊÄWÃxÐkËÛÂ Þ ÐkÄWÔ5ÄOØ Þ Æ5ØÆ5ÕÊÄWËÛâQÐkÃWËÌÅQÂÚØÊÃ¹ÒºÐ Þ Ò�ÅQÇ5Ä¹Æ¼íqÐkÇ5ÃWÄOØ Þ � ÆÉÐkÂ Þ Ï~í|Ø�àBØÊÖåÒ5ÏÌØæÒ5ÄOÕ�È�Õ�Æ5ØÊÂ=ÃyÏÌØ ÈaÐkÏÌÈÊÇ5Ï�Ø Þ ÃïËÛÖåÒ�Å ÞOÞ ËÛÔ5ÏÌØ Þ Ç5Ä¹ÃOÅQÇ5ÃÐkÄWÔ5ÄOØ·Æ5Ø·Æ5ÕÊÄWËÛâ½ÐkÃWËÌÅQÂ�ç
ì ÅQÖåÖäØÊÂlÃãÕÊÃxÐkÔ5ÏÛËÛÄO��ÅQÄWÖäØÊÏÛÏÌØÊÖäØÊÂ=ÃeÏ~í ËÛÖåÒ�Å ÞOÞ ËÛÔ5ËÛÏÛËÛÃOÕ·ÆBÇ:ÈaÐkÏÌÈÊÇ5Ï�R

hUi�� i4j �A13-�u /21 ?qs,;C?M=:+,.';�svu	n

TãÂ¾Ð ÞOÞ Å=ÈÊËÌØ
Í?ÈI[ºÐQ×=ÇÉØcÐkÄWÔ5ÄOØ ÞWß ÂlÃxÐHàBËÌ×lÇÉØcÆÉÐkÂ Þ Ç5ÂÉØ·Ü½ÄxÐkÖåÖ?ÐkËÛÄOØåÐkÃWÃWÄWËÛÔ5ÇÉÕ�Ø�Æ5ÅQÂ5ÂÉÕ�Ø½áºÇ5Â:Ü½ÄxÐkÒq[ÉØ�EÈI[ºÐQ×=ÇÉØ3Â � ÇÉÆ�ÆBÇcÜ½ÄxÐkÒq[ÉØ¹Ø Þ Ã;Ç5ÂÉØ3â½ÐkÏÌØÊÇ5Ä�Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5ÃDF ÐkÇ5ÃWÄOØÊÖäØÊÂ=Ã�ÆBËÛÃaákÈ*[ºÐQ×lÇÉØïÂ � ÇÉÆ¨FFÔ5ÄxÐkÂÉÈI[ºÐkÂ=Ã_NÆ5Ø·Ï~íqÐkÄWÔ5ÄOØcÈ�ÅQÄWÄOØ Þ ÒMÅQÂÉÆ¾Í k Þ ÅQÖåÖäØÊÃ Þ ÆBÇ:Ü½ÄxÐkÒq[ÉØ½á Þ í ËÛÏ ß Ð k
ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ N�ç è�Ø
Ü½ÄxÐkÒq[ÉØcØ Þ ÃãÅQÄWËÌØÊÂ=ÃOÕ½áÅQÂÓÃWÄxÐQÈ�Ø�Ç5ÂñÐkÄOÈåÆBÇ Þ ÅQÖåÖäØÊÃ s

â[ØÊÄ Þ ÏÌØ Þ ÅQÖåÖäØÊÃ t ÞOÞ Ë�ÏÌØåÈaÐkÏÌÈÊÇ5Ï Æ5Ø t
Ð ÔMØ Þ ÅQËÛÂÓÆ5Ø�ÏÑÐ â½ÐkÏÌØÊÇ5Ä·Æ5Ø

ò
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s
FFÏÌØ Þ�� H�È*[ÉØ Þ â[ÅQÂlÃäÆÉÐkÂ Þ ÏÌØ Þ ØÊÂ Þ Æ5Ø\ÏÑÐ:Ò5ÄOÅQÒºÐkÜlÐkÃWËÌÅQÂ Æ5Ø Þ â½ÐkÏÌØÊÇ5Ä Þ�� N�ç TãÂ�ÄOØÊÖ?ÐkÄO×=ÇÉØé×lÇÉØ Ò�ÅQÇ5ÄÏÌØ Þ ÐkÃWÃWÄWËÛÔ5Ç5Ã ÞæÞWß Â=Ã![ÉÕÊÃWË Þ Õ Þ áºÏÌØ Þ ÐkÄOÈ Þ â[ÅQÂlÃæÆ5Ø Þ }ÉÏ Þ â[ØÊÄ Þ ÏÌØ
Ò�HÊÄOØ�F�ÅQÇÙÆÉÐkÂ Þ ÏÌØ Þ ÅQÖåÖäØÊÃeÏÛÇ5Ë0�~ÖKQÊÖäØ¯N�áÐkÏÌÅQÄ Þ ×lÇÉØªÒ�ÅQÇ5ÄeÏÌØ Þ ÐkÃWÃWÄWËÛÔ5Ç5Ã Þ [ÉÕÊÄWËÛÃOÕ Þ áÉÏÌØ Þ ÐkÄOÈ Þ â[ÅQÂlÃ ÆBÇ+Ò�HÊÄOØªâ[ØÊÄ Þ ÏÌØ Þ Æ5Ø Þ È�ØÊÂÉÆÉÐkÂlÃ Þ F�ÅQÇ:ÆÉÐkÂ Þ ÏÌØ

Þ ÅQÖåÖäØÊÃeÏÛÇ5Ë0�~ÖKQÊÖäØ¯N�ç

1�� � �ºGkE=>@7 è�Ø·ÈaÐkÏÌÈÊÇ5Ï²Æ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Þ Ø Þ ÃzÒMÅ ÞxÞ ËÛÔ5ÏÌØªÒ�ÅQÇ5ÄzÏÌØ·ÖäÅQÃ f ∈ L(G) ÞOÞ Ë¼ÏÌØªÜ½ÄxÐkÒq[ÉØ Ð ÞOÞ Å=ÈÊËÌÕÍ Þ ÅQÂ+ÐkÄWÔ5ÄOØ
Æ5Ø·Æ5ÕÊÄWËÛâQÐkÃWËÌÅQÂ:Ø Þ Ã Þ ÐkÂ Þ ÈÊËÛÄOÈÊÇ5ËÛÃaç

� 7=>ñ25G � X;7 YªÐkÂ Þ ÏÑÐªÒ5ÄxÐkÃWËÌ×=ÇÉØ½áBÈ�ØeÃ![ÉÕ�ÅQÄIHÊÖäØ Â�í|Ø Þ ÃïÒºÐ Þ ËÛÂlÃOÕÊÄOØ ÞOÞ ÐkÂ=Ã@E=ÅQÂéÐ·Ô�Ø Þ ÅQËÛÂ\Æ5Ø Þ Ð�â[ÅQËÛÄ Þ ËÇ5Â ÞWßBÞ ÃIHÊÖäØªÆ¼íqÐkÃWÃWÄWËÛÔ5Ç5Ã Ø Þ ÃzÈaÐkÏÌÈÊÇ5ÏÑÐkÔ5ÏÌØ·Ò�ÅQÇ5Ä A-��X;< ÏÌØ Þ ÐkÄWÔ5ÄOØ Þ Æ5ØªÆ5ÕÊÄWËÛâQÐkÃWËÌÅQÂ�çÁ�ÏãØ�àBË Þ ÃOØÙÆ5Ø Þ â[ØÊÄ Þ ËÌÅQÂ Þ Ò5ÏÛÇ Þ ê ��ÅQÄWÃOØ Þ ë Æ5Ø:È�Ø:Ã![ÉÕ�ÅQÄIHÊÖäØ½á¹×lÇ5Ë ÒMØÊÄWÖäØÊÃWÃOØÊÂ=ÃÚÆ5Ø+â[ÕÊÄWË0}ºØÊÄé×=Ç�í Ç5Â
ÞWßBÞ ÃIHÊÖäØªØ Þ ÃzÈaÐkÏÌÈÊÇ5ÏÑÐkÔ5ÏÌØ ØÊÂÚÕÊÃWÇÉÆBËÑÐkÂlÃ Ç5ÂéÂÉÅQÖ
Ô5ÄOØ�}ÉÂ5Ë�Æ¼íqÐkÄWÔ5ÄOØ Þ ç

hUi � iWh �W+���w ;�svu
	:781

� 2q��� 7=6 �(ÄOÅQÒ5ÄWËÌÕÊÃOÕæÆ5Ø Þ Ü½ÄxÐkÒq[ÉØ Þ¹Þ ÐkÂ Þ ÈÊËÛÄOÈÊÇ5ËÛÃ@E[ËÛÏ�Ø�à�Ë Þ ÃOØãÐkÇ ÖäÅQËÛÂ Þ Ç5Â Þ ÅQÖåÖäØÊÃ Þ ÐkÂ Þ Ò5ÄOÕ�Æ5Õ�È�Ø Þ �
Þ ØÊÇ5Äaç��²ÐkÄªÐkËÛÏÛÏÌØÊÇ5Ä Þ á ÅQÂ Þ ÐkËÛÃæÐkÇ ÞOÞ Ë�×=ÇÉØ Þ Ë²ÅQÂ GQÃOØ
Ç5Â Þ ÅQÖåÖäØÊÃæÍåÇ5Â+Ü½ÄxÐkÒq[ÉØ Þ ÐkÂ Þ ÈÊËÛÄOÈÊÇ5ËÛÃaáºËÛÏ;ÄOØ Þ ÃOØ
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